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 جامعة دمشق

  ة الميكانيكية والكهربائيةـكلية الهندس

 ﴾محاضرات  ﴿

   Statics التوازن  ميكانيك
 

 : الأولىلطلاب السنة 
 آليات   -  تصميم ميكانيكي  -  ميكانيك عام

 
 

 سليمان الأعىج:الدكتىر                 الدكتىر: جمعة شحادة     
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STATICS PRINCIPLES  

(Statics) 

(Kinematics) 

(Kinetics) 

(Dynamics)

(Basic Concepts and Laws)

(Rigid body)

(Simple beam) 

1(Basic Concepts and Laws) 

2(Force Systems) 

3(Resultants of Force Systems ) 

4(Constraints and Reactions) 
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(Particle)

P

(Time)

(Mass &Weight)

W

g = 9.8 m/s
2

Kg  W 

N  W=mg  .m

1kg 9.8 N

5 kg 49 N .

(Force)

(Magnitude)(Direction

(Sense)(Line of action)
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(Scalars)

 

(Vectors)

SI (International System)

LengthL (m) (ft) foot

 (in.) inch

 Mass  M (kg)(lbm)

 Force  F (N)(lb) Pound

 Time     T (S)(S)

 Moment M (N-m) (lb-ft) 

 (lb-in.) 

 VelocityV (m/s)(ft/s)

 AccelerationA (m/s2)(ft/s2)

 Area A (m2)(ft2)
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 (First law of 

motion)

 (Second law of 

motion)ma

                      ∑                                                             

∑F

(a = 0)(v = 0)

(v = constant) .
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 (Third law of motion)

 

 (Law of gravitation)

       
    

  
                      

  

     
                  

G

 Principle of Transmissibility of Force

 Law of parallelogram

 Dynamic equilibrium

(- ma)   

∑                  ∑                                        



 د. سـليمان الأعوج د. جمعة شحادة محاضرات التوازن

 
10 

(- ma) ma 

(Advanced Dynamics)

Force Systems 

 (Coplanar Force Systems)

 (Non-coplanar Force Systems)

Rectangular Components of a Force

FFxFy

Fx = F cos Ɵ    ;      Fy = F sin Ɵ                     (4) 



 د. سـليمان الأعوج د. جمعة شحادة محاضرات التوازن

 
11 

FFFxFyFxFy  ,

ij  

F = Fx + Fy = Fxi + Fyj                                  (5) 

F1F2F4

, 

 y)x(
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Fy = +75 sin 45˚= 53.03N Fx = +75 cos 45˚ = 53.03 N F1  

Fy = +100 sin 60˚ = 86.6 N Fx = -100 cos 60˚ = -50 N F2  

Fy = 0 Fx = - 50 N F3  

Fy = - 60 sin 30˚ = - 30 N Fx = 60 cos 30˚ = 51.96 N F4  

of a Force)(Moment 
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                                 MO = F × d                                       (6)      

SI(N.m)  

(lb-ft) 

FM 
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Z

 

 

 

 

(Varignon Theorem)

(Moment of Couple)

                        M = ± F × d                                              (7) 

(N.m)
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B .
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ABM=F×d

F1 

F2F3

O 0.7 m 

F1 

Mo =  F1 × d 

Mo=  120 × 0.7 =  + 84 N.m 

F2  

Mo =  -F2 × d 

Mo= - 80 × 0.7 sin60˚ = - 48.5 N.m 

F3 

Mo =  -F3 × d 

Mo=- 50 × 0.7 cos 60˚ = -17.5 N.m 
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(Resultants of force systems)

(F1,F2,F3,F4,F5,…)

R

 

F1,F2,F3,F4,F5,…

oR 

oM 
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  √                                               

             ∑                                                          

  Fx     Fy    x  y  

  MOM

R

d 

           ∑                       
∑  

 
  

 

 
                  

F1=500N , F2=400N , F3=230N , F4=300N

 

500 0 500 F1  

400 sin 45˚ 400 cos 45˚ 400 F2  

0 230 230 F3  

- 300 sin 60˚ 300 cos 60˚ 300 F4  

∑                                       

∑                                      
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  √                        

θ

       (
      

      
)       

C . 

2

R CM 

R =   Fy = 20 - 60 – 40 = - 80 N(↓) 

M C

M =   MC  = - 20(4) + 60(2) + 200 =240 N.m (↶)    

(b) 

  MO  = R x d 

 20(1) - 60(3) - 40(5)+ 200 =  80 x d         d  = 2 m 

 2m

(c)
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(Resultants of Distributed Forces)

q

qN/m   . 

 

q 

Q 

                                                                   

  AB 

q 

Q 

                       
 

 
                                               

 .

LBC  
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q 

Q1  Q2 

                                     
 

 
                                      

 

6m

 (a)

(b)

               

    
 

 
            

 

 

 
 

 

 

 



 د. سـليمان الأعوج د. جمعة شحادة محاضرات التوازن

 
22 

(a) 

q1=100 N/m 

q2=250 N/m  

(b)

                                

      
 

 
              

 

 

 

(Constrains and their Reactions)

 (Ropes) (Wires)(Chains)

 (Smooth surface & Roller support) :

 (Pin support)  :
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 (Fixed support)  :

RM 

 (Gravitational Attraction) 

W

 (Springs) 

k(Spring 

constant) N/m  ,s(Deformation of the spring)

 (Knife Edges)  :
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122

 

 



 د. سـليمان الأعوج د. جمعة شحادة محاضرات التوازن

 
25 

REVIEW QUESTIONS 

 

  

2  

3  

4  

5  

6  

7   

1  

a  (b(c 

2  

a  (b 

c  

3 𝓁q 

a q.𝓁b q.𝓁2
               c q.𝓁3

   

4  

a   (b(c 

5  

a   (b  (c 

6  

a (b(c 
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UNSOLVED  PROBLEMS 

 

1   

F1F2

θx

R = 826.4  N   ,  θ = 24.24°  N   

2  

θx

R = 358  N   ,  θ = 30.7°  N   

3

F1 F3

A 
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M1 = 204  N.m  ,   M2 = - 153  N.m  

4

A  . 2

R = -12  kN  ,   M = - 18  kN.m ,  d = 2.5 m 

5

8 m  

Q1 = 20 kN  ,   Q2 =  30  kN  
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6  

 

200 N/m 

500 N/m  C400 N/m  

Q1 = 600 N  ,   Q2 =  450  N ,  Q3 = 600 N   



 د. سـليمان الأعوج د. جمعة شحادة محاضرات التوازن

 
29 

 

CONCURRENT  PLANE FORCES  

(Categories of Plane Forces)

 

(Equations of Equilibrium)

1(Categories of Plane Forces) 

2(Equations of Equilibrium) 

3(Free Body Diagram) 

4( Equilibrium 0f three Forces) 
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Σ FΣ Mo

                          Σ F   = 0                                              (1) 

                         Σ Mo   = 0                                             (2) 

Σ F -  

Σ M - 

A

R 

                             Σ F  =  Σ Fxi + Σ Fyj = 0                              (3) 

Σ Fx  = 0      ;     Σ Fy  = 0 

Fx Σ -  x

Fy Σ -  y

  Σ Fx = F1 cos α1 – F2 cos α2 = 0 

Σ Fy = F1 sin α1 + F2 sin α2 – F3 = 0 

 (Free body diagram)

(Free Body Diagram)
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R 

A

RW  ,

WCT

C

(Equilibrium 0f three Forces)
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F1 F2 F3

                      
  

    
 

  

    
 

  

    
                                 

W=35 N ABAC
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Σ Fx = F1 cos 36.87° – F2 cos 45° = 0 
      Σ Fy = F1 sin 36.87° + F2 sin 45° – 35 = 0 

F1=25 N , F2=28.28 N

  

         
 

  

      
 

  

         
                    

F 1 = K1.S1        S1 = F1/K1 = 25/30      = 0.83 m 

F2 = K2.S2        S2 = F2/K2 = 28.28/20 = 1.41 m 

ABBCW

B  . W =600 N 

WB 

ABBC 

Σ Fx = S cos 45° – T cos 30° = 0 

      Σ Fy = S sin 45° + T sin 30° – 600 = 0 
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S =537.94 N       ,  T = 439.23  N    

A

   

      
 

 

      
 

 

      

W=400 N 

ABBCCD 

BB

Σ Fx = T2 cos 30° – T1 cos 60° = 0 

      Σ Fy = T2 sin 30° + T2 cos 30° – 400 = 0 

C c

Σ Fx = T2 sin 30° – T3 sin 30° = 0 

T 1 = 692.82  N   ,   T2  = T3= 400 N 
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B

   

      
 

  

       
 

  

      

                      

B

        

ABABBC

30°9 kN

TA

WTO

RAAO
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T =  6 kN  ,     RA = 7.94 kN     

Σ Fx = XA – T cos 30°  = 0 
   Σ Fy = YA + T sin 30°  – 9 = 0 

Σ MA =  T sin 30° (3) - 9 (1)  = 0 

T = 6 kN      XA = 5.2 kN     YA = 6 kN         RA = 7.94 kN 

A 

C

C h=0.4m
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Σ Fx = T cos 53.13° – RA  = 0 

   Σ Fy = T sin 53.13° – 60 = 0 
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UNSOLVED  PROBLEMS 

 

1   

TS BCAB300 N 

T = 225  N   ,  S = 375  N   

2

TS ABBC220 N 

T = 254  N   ,  S = 127  N   

3

A 

100N 

P a) x = 0.35 m  b) x 

= 0.6 m  

a) P = 40 N , RA = 92 N (↓)   ,  b)  P = 60 N , RA = 80 N(↓)  
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4  

ABACAF1

F2 

SAB = 39 kN  ,  SAC = -14.67 kN       

5

W=70 N ABAC

TAB = 42.4 N  ,  TAC = 50 N       
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6

ABCDC

AB500 NAD

XA = 625 N  ,  YA = -125 N  ,  RD = 884 N          

7

ABCABBD

30°

TA

T = 577 N  ,  XA = 500 N  ,  YA = 161.5 N          

8

W=120 N 30˚

60˚

AB

  NA = 103.9 N  ,  NB = 60 N          
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9

ABAC

P200 

NP A

P = 413.8 N  ,  XA = 146.3 N  ,  YA = 53.7 N          

11

60 NAB

C

T = 30 N  ,  NC = 51.96 N            
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PARALLEL AND  GENERAL  PLANE FORCES  

 

(Parallel Forces)

y

                      Σ Fy = 0          Σ Mo = 0                               (1) 

Fy Σ -  y

Mo Σ -  

  Σ Fy = – F1 – F2 - F3 + F4 + F5 = 0 

Σ Mo = – F1 × d1 - F2 × d2 – F3 × d3 + F4 × d4 = 0 

 

AAD

BCCD

5kN

1(Parallel Forces)

2(General Forces) 

3(Equilibrium of Compound Bodies) 
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(b)

               

    
 

 
              

b

RM  

(x,y)

Σ Fx = XA  = 0 

Σ Fy = YA + 15 - 24 - 5 = 0 

Σ MA = 15×3.5 – 5×4.5 -  24×2 + M = 0 

XA = 0     ;   YA = 14 kN     ;      M = 18 kN.m 

 

 

P = 8 kN 

10 kNG 

P

Σ Fy = NA +NB - 8 - 10 = 0 

Σ MA = NB(3.5) -10 (1) - 
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-8 (5.33)= 0 

NA = 2.96 kN   ,  NB = 15.04 kN            
 

PmaxE

A

B

      Ʃ  MB =  - Pmax(1.83) + 10(2.5) = 0  

Pmax = 13.66 kN

T1T2T3P = 200N

aP

      Σ Fy = T1 - 200 = 0               T1  = 200 N   

b

      Σ Fy = 2T2 - 200 = 0               T2  = 100 N   

c

      Σ Fy = 2T3 - 100 = 0               T3  = 50 N   
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(General Forces)

               Σ Fx = 0    ;  Σ Fy = 0   ;   Σ Mo = 0                         (2) 

Fx Σ -  x

Fy Σ -  y

Mo Σ -   

Σ Fx = F1 cos α1 – F3 cos α2 = 0 

Σ Fy = -F1 sin α1 - F2 – F3 sin α2 + F4 = 0 

                   Σ Mo = 0 

– F1 sin α1 (d1) – F2 (d2) –F3 sin α2 (d3) +  F4 (d2) + M1-M2 = 0 
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A B

60˚M=50 N.m 

               

b

(x,y)  

∑                    

∑                              

∑                                         

XA = -75 N   ;   YA = 66.59 N     ;    RB = 43.31 N        

 

W=1000 N30˚ 

aT

AB
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bT

N1N2

W(x,y) 

Wx = - 1000 sin30˚  = - 500 N      

Wy = - 1000 cos30˚ = - 866 N      

Σ Fx = T – 500  = 0      
Σ Fy = N1+N2 – 866 = 0       

Σ MA =  - N2 (1) + 866 (0.5) + 500 (0.6) - T (0.6) = 0 

T= 500 N  ;  N1 = N2 = 433 N 

 

(Equilibrium of Compound Bodies)
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 EK

 AB

a

o W1=200 N , W2=100 N , W3=100 N

o RA,RB,RC,RD

bcd

Σ Fx = R1.cos     ˚ – R2.cos 48.2˚ = 0 
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Σ Fy = R1.sin     ˚ – R2. sin     ˚ – 200 = 0 

R1= R2= 134.2 N 

Σ Fx =  RA - 134.2 cos 48.2˚  = 0 

Σ Fy =  RB - 100 - 134.2 sin 48.2˚ = 0 

 

RA= 89.44 N ; RB  = 200 N  

P200 N
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Σ Fx = XA + XB  = 0 

   Σ Fy = YA + YB - 200 = 0 

Σ MA= -XB (2) – 200 (5.5) = 0 

XA  = 550 N    XB  = -550 N       

Σ Fx = XC - 200  = 0 

Σ Fy = YC - 200 = 0 

XC = YC = 200 N   

    

AC

Σ Fx =  XD + 550 - 200 = 0 

Σ Fy =  YA + YD - 200 = 0 

Σ MC =  YD (2.5) – 200 (5) = 0 
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XD  = -350 N ;  YD = 400 N ;  YA = - 200 N ; YB = 400 N 

N

YD XD YC XC YB XB YA XA 

400 350 200 200 400 -550 -200 550 

aABCD

AB 100N500N

CD

b

TPCD

B

Σ Fx = XB – 500  = 0         XB = 500 N   
Fy = YB – 500 = 0          YB = 500 N   

AB 

Σ Fx = XA – S - 500 = 0 
Σ Fy = YA – 500 - 100 = 0 

Σ MA =  S (0.6) + 500 (1.2) - 500 (1.2) -100 (0.6) = 0 

XA= 575 N ;  YA = 600 N   ; S = 75 N 
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AB

BCC

50N.m

P

∑                  ∑             

  ∑                                     

NC = 110 N    ,   YA = - 110 N

 

AB

∑                                         

            

280N 

a



 د. سـليمان الأعوج د. جمعة شحادة محاضرات التوازن

 
53 

b

Σ Fx = XA + XB  = 0 
   Σ Fy = YA + YB – 280 = 0 

Σ MA= YB (4cos45) – 280 (2cos45) = 0 

YA = YB = 140 N     

Σ Fx = N1.cos 45 – N2.cos 45 = 0 

Σ Fy = N1.sin 45 – N2.cos 45 – 280 = 0 

N1= N2= 198 N   

   AC

Σ Fx =  XB + XC + 198cos45 = 0 

Σ Fy =  YC + 140 - 198sin45 = 0 

Σ MC =  XB (1.41) + 140 (1.41) - -198 (0.5) = 0 
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XB= 70 N ; XC  = -210 N ; YC = 0 

N

P2 P1 YC XC YB XB YA XA 

198 198 0 210 140 70 140 -70 
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UNSOLVED  PROBLEMS 

1

CDA

B150 N.m

AB

RA = 2400 N (↑)     RB = 1100 N (↑)

2

AD800 N.m

A

RA = 700 N (↑)     MA = 1100 N.m (↶) 

3

ACA

B

AB 

RA = 13.25 kN(↑)     RB = 16.75 kN(↑)
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4

AD250 N.m

A

, RA = 2400 N(↑) ,  MA = 5000 N.m (↶) 

5   

ABAB

P

W1=60 NW2=120 NP A

P = 100 N  ,  RA = 80 N (↑)  
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 6   

m = 60 Kg

P

P = 105 N  ,  

NA = 483 N (↑)  

7

20 kN  CD

5 kNθ=60˚

Q P

Qmin = 50 kN  ,  Pmax = 72 kN    

8   

5 kN16 

kNx 

= 3m20 kN (↷)        RA = 41 kN(↑)     MA = 

 38 kN.m 



 د. سـليمان الأعوج د. جمعة شحادة محاضرات التوازن

 
58 

9 

 W=5 kNAB

P 12 kN

AB 

XA = 51.25 kN(←) , YA = 17 kN(↑) ,  RB = 51.25 kN(→) 

11

ABABC

500ND

M=400 N.mA

XA = 300 N (→) , YA = 575 N (↑) ,  T = 375 N 
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11

ABW=500 NAB

BCD

RA = 286.5 N (↑) ,  RB = 302 N (↖) ,  T = 213.5 N (→) 

12

ABA CD

300 N.m

AD

XA = 1200 N (←) ,  YA = 150 N (↓) ,  RD = 1500 N (↗) 

13

W=130 kN

 

ABC
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14

ADBC

A

SBCPm=50 kg

 g=9.8 m/s
2 

XA = 490 N (←) , YA = 980 N (↓) ,  S = 693 N 

15

ADB

 

RA = 60 kN (↑)  ,  RC = 280 kN (↑)  ,  RD = 20 kN ( ↓)   

 YC XC YB XB YA XA 

6 kN 36 164 -36 146 36  
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16   

ACBCD 

M=225 N.m

ABC

 

 
YC XC YB XB YA XA 

20 N 240 N 100 N(↑) 40N(←) 20 N(↑) 240 N(→) 

17

ABCP400 

N

 
YC XC YB XB YA XA 

400 N 400 N 1120 N(↑) 80N(←) 720 N(↓) 80 N(→) 

18

ACW=200 N  

P = 800 N 
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YC XC RB YA XA 

800 N 800 N 3000 N(↗) 1400 N(↓) 1000 N(←) 

19

P = 1000 N 

ABC 

 YC XC YB XB YA XA 

3500 N 1200 N 3500 N(↑) 200N(→) 2500 N(↓) 200 N(←) 

21

ABBCC

P=250 N M  

M = 100 N.m   
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21

r = 0.5m 240 N

C

AB 

 
YB XB YA XA 

120 N(↑) 200N(←) 120 N(↑) 200 N(→) 

22

(Split beam)

  

 
RB MA YA XA 

150 N(↑) 818N(↶) 716 N(↑) 500 N(←) 

23

ABCD B

ACD

260 N 
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RD YC XC YA XA 

75 N(←) 65 N(↑) 37.6 N(←) 195 N(↑) 112.6 N(→) 

24

(Split beam)

  

ABC 

 
RC RB RA 

150 N(↑) 818N(↑) 818N(↑) 



 د. سـليمان الأعوج د. جمعة شحادة محاضرات التوازن

 
65 

 

ANALYSIS 0F TRUSSES  

Introduction 

(Pins) (Plates) 

(Members of the truss)

(Joints)

 

 

 

(Tension)

(Compression)

1(Introduction) 

2(Method of joints) 

3(Method of sections) 
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Statically determinate trusses

mn 

                                  m = 2n – 3                                      (1) 

 

(Unstable) (Collapsible)
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(Statically 

indeterminate truss)  

 (Method of joints)

 (Method of sections)

(Method of joints)

34

AABS1AB

AB

 S1
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  ΣFX=0 ;  ΣFY=0 

    

 

o 

 

o 
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∑             

∑                  

∑                        

XA  = - 10 kN    ,   YA = 12 kN   ,   RB = 7 kN       

A

∑             

∑            

C

∑                      

∑                      

D

∑                       

∑                  

B

∑                 
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 (kN)

S7S6S5S4S3S2S1

7 - 9.9 3- 7 - 4.24 - 1210 

      

 

∑            

∑                

∑                          

XA  = - 160 N    ,   YA = 180 N   ,   RB = 160 N       

A

∑                  

∑                     
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B

∑                      

∑                

C

∑                

 (kN)

S5S4S3S2S1

100- 80 - 100 60200 
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b

∑            

∑              

∑                          

XA  = 15 kN      RB = -15 kN    ,   YA = 12 kN     

RB 

c

A

∑                       

∑                     

B

∑              

E

∑             

∑            
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D

∑                     

 (kN)

S6 S5S4S3S2S1

5 -16.97815 2.79 -16.97

     

(d)

(Method of sections) 

  

 

 

 

35 

 
35 
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     Σ Fx = 0  ;  Σ Fy = 0   ;  Σ Mo= 0                      (2) 

∑            

∑                

∑                        

XA = - 5 kN  , YA =  5 kN  , RB = 15 kN  
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∑                   

∑                           

∑                   

S3 S2 S1 

-10 kN -7.07 kN - 5 kN 

∑                  

∑                          

∑                      
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∑          

∑                

∑                         

XA = 0  , YA =  9 kN  , RB = 11 kN   

∑                              

∑                   

∑                  
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S3 S2 S1 

6.75 kN 1.8 kN - 8.25 kN 

∑                               

∑                    

∑                   

∑                        

∑                          

∑                            

XA = -28 kN  , YA =  10 kN  , RB = 35 kN 
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∑                                

∑                         

∑                   

S3 S2 S1 

-15 kN -26.66 kN 21.33 kN 
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UNSOLVED  PROBLEMS 

 

1

S5 S4 S3 S2 S1 RB YA XA 

(kN)-7.5  6 0 - 2.5 6 4.5 1.5 - 4 

2

S7 S6 S5 S4 S3 S2 S1 RB YA XA 

(kN)-26.83 21 5.66 20 - 6 20 -22.36 24 25 -24 

3
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S9 S8 S7 S6 S5 S4 S3 S2 S1 

(kN)-21.21 15 9 -15 1.41 14 10 - 15.56 14 

4

S11 S10 S9 S8 S7 S6 S5 S4 S3 S2 S1 

(kN)-50 43.3 0 -50 17.32 34.64 17.32 -50 0 -50 43.3 

5
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S6 S5 S4 S3 S2 S1 RB YA XA 

(kN)- 28.33 -11.67 32 0 - 40 32 24 24 0 

6  

 
S7 S6 S5 S4 S3 S2 S1 RB YA XA 

(kN)0 -7.5 6.25 3.75 0 -6.25 3.75 5  5  0 

7  

S5 S4 S3 S2 S1 RB YA XA 

(kN)-33 20 12 -7.07 5 33 (↑) 28 (↓) 12 (←) 

8
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S3 S2 S1 RB YA XA 

(kN)- 121.67  -108.33 220 100  102  -84  

9 

 

S3 S2 S1 RB YA XA 

(kN)-24 0 -9 24 9 0 

11
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S3 S2 S1 RB YA XA 

(kN)-13.34 +13.22 +22 11 9 -16 

11

BBC

S3 S2 S1 RB YA XA 

(kN)-9.03 -16.97 +16 38 -28 -12 

12

S3 S2 S1 RB YA XA 

(kN)+12 -20 -20 30 5 -8 

13
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S3 S2 S1 RB YA XA 

(kN)+17.35 +12.38 -14.85 29.7  -19.8 -9.9 

14

 

S4 S3 S2 S1 

(kN)+19.8 -33 +15 -12 

15

S6 S5 S4 S3 S2 S1 

(kN)+19 -16.97 -7 0 +9.9 -7 
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16

P =15 kN

S3 S2 S1 RB YA XA 

(kN)+36.02 +7.5 -53.07 30 30 0 
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FRICTION FORCES 

 

 

 

 (Sliding Friction)

PWR

NF

1(Sliding Friction) 

2(Belt and Rope Friction) 

3(Rolling Friction) 
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PF

Fmax  

Fk.

                                                                           

µs  

(Rubber on concrete)0.60-0.90

(Metal on metal)0.15-0.60

(Metal on leather)0.30-0.60

(Metal on wood)0.20-0.60

(Wood on wood)0.25-0.50
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Fk

                                                                             

μk

μk =( 0.7- 0.8) µs  .

 

 Fmax  .

 N

 Fmax = µs 

N 

 

 

 

 μkµs0.20-0.30

Fk

Fmax
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θ 

θ

µs

                                                                               

50 kgP

Fb) P = 300 N 

       a) P = 150 N 

 

bW

N P F 

P = 150 N 

                                           
                                            

                                  

< 

P = 300 N 
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> 

                                

10kg=m120kg=m2   

 

P.P

µs =0.3  

b  

m1

∑                                

 

m2

∑                       

∑                       

Pm
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30 kg˚

P0.25

P

Pmin

Pmax

                               

b

∑                                      

∑                         

                                                     

c
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∑                                    

P

                       

αa

W=600NC

0.3 

                                

bW

NBNA

Fmax

((x,y

∑                

∑              

∑                           
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NA = 600 N   ;   NB = 180 N      

                       

  (
    

    
)             

  

  
 

 

 
 

        
 

 
      

 

a

BW2=100NA

µs =0.3 . 

 A

 B

A

b

∑                      

∑                      
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b

∑                               

∑                                   

          

W1

                        

aABA

M=45 N.m  

P

Cµs = 0.4 

 P

b

NFmax

MO
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 P 

A

                                        
                

0.3P

b = 0.8m ,  h = 1.2m   

A

b

∑                            

∑                             

c

A

A

∑                                    
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P147 N

163.33 N

(Belt and Rope Friction)

W1W2

W1 W2 

P  T

β

μ

T P  

P  .

N

F

dTT(T+ dT)
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                  (
  

 
)            (

  

 
)    

                      (
  

 
)            (

  

 
)    

 

dθ

    (
  

 
)                (

  

 
)  

  

 
               (

  

 
)    

                         

                  
  

 
       

T1

T2

   ∫
  

 

  

  

    ∫    
 

 

     

  
  

  
   



 د. سـليمان الأعوج د. جمعة شحادة محاضرات التوازن

 
98 

           
  

  
                                                      

                                                                                    

e = 2.718β

T=P 

TP

m =20 kg

0.3   

 T

 T

  

  
    

T1 = T  ,  T2 = mg = 20×9.8=196 N   

                       

T1 = 196 N  ,  T2 = T    
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(Rolling Friction)

W

P

RBa

A(P,W,R)

Rθ

B

                            

                        
  

      
                                                       

θ cos θ = 1

                      
  

  
                                                                 

a

0.50 - 0.75 mm.
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r =100 mmW =100 N

°P

8.75mm  .

      
                              

      *     (
    

   
)       +           

θ

W=12 kN

µs = 0.6r = 0.3m

1)2)

)a
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WNA  NB  FB 

θmax FB

                            

((x,y

∑                      

∑                         

∑                                                

                       

                             

    (
       

       
)                

  

    
      

                       

                                                 

)b

 FA
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∑                       

∑                         

∑                                               

                             

        
   

     
       

                        

                                              

UNSOLVED  PROBLEMS 

 

1

90 kgP

Fa) P = 300 

N        b) P = 400 N 
(no motion)   ,    b) F = 272.8 N (motion)             a) F = 259.8 N

2

T40 kg

0.4 

  Tmin = 60.2  N 



 د. سـليمان الأعوج د. جمعة شحادة محاضرات التوازن

 
103 

3   

160 Nμs = 

0.2PA B

  Pmin = 58.5  N

4

S m=70 kg

a

0.25

  S = 1.3  m

 5

P15 kg

AB0.3

  Pmin = 215.25  N
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 6

P30 

N.m AB0.4  

    Pmin = 260  N

7 

PA 150 N

0.3

  Pmin = 214.8  N
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8 

PA 500 N 

a 0.2

b 0.3

   ,    b) Pmax = 300 N              a) Pmax = 200 N

9 

50 NA 0.2B0.3

θ  θ 

= 14˚  

10 

AB 

WA=100 N WB= 300 N P

0.4

  P = 38.56 N 
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11

ABBCC

P=400 NM

0.15  M = 139 N.m

12

W=15 kNQ

µs = 0.5  

µs = 0.4  

ab

Q = 18.75 kN                                     a)  Q = 9 kN  ;  b)   
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EQUILIBRIUM OF FORCES IN SPACE 

Moment of  a force about axis

 

 

 

 

 

 

 

 W=180 NCD

T150N1

1(Moment of  a force about axis)

2(Force reduction) 

3(Equations of equilibrium) 
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WA2 A3

A

  
⃗⃗ ⃗⃗  ⃗      ̂     ̂     ̂ 

 

Wzxy

 xy

z

                         

                                 

                                                       

  
⃗⃗ ⃗⃗  ⃗       ̂     ̂             

   √                           

T1Tx

T2zb
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⃗⃗ ⃗⃗  ⃗      ̂     ̂      ̂ 

   √                                            

  
⃗⃗ ⃗⃗  ⃗   (∑   )   (∑   )   (∑   )  

  
⃗⃗ ⃗⃗  ⃗               

   √                                 
      

 

AB

T10 kN1

2  o 

 

T

TTx

x TyyTzz 

 T  xyTxy 

TxTy
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 ⃗                    

TO

  
⃗⃗ ⃗⃗  ⃗      ̂     ̂     ̂ 

                            

                                 

                                                       

  
⃗⃗ ⃗⃗  ⃗      ̂       ̂             

   √                                

    Force Reduction

RMo

            R   = (  Fx)i +(   Fy)j + (  Fz)k                     (1) 

            M = (  Mx)i +(   My)j + (  Mz)k                (2) 

 R.M = 0   .

RM

(R=0 , M=0) .
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 R.M ≠ 0   .

 

 (a)M=12N.m

oxz

 

R = (  Fx)i +(   Fy)j + (  Fz)k 

M = (  Mx)i +(   My)j + (  Mz)k 

F4FyFz

zb

        
   

   
          

                         

                            

F4 F3 F2 F1 Forces 

0 0 0 30 x 

100 (cos  ) = 80 0 0 0 y

100 (sin  ) = 60 - 20 - 40 0 z
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0 - 20(0.8) 0 0 Mx 

- 60(0.5) 0 40(0.5) 30(0.6) My 

80(0.5) 0 0 0 Mz

  Fx = 30 N 

  Fy = 80 N 

  Fz = 0 

  Mx = -20(0.8) = -16 N.m 

  My = 30(0.6) + 40 (0.5) - 60 (0.5) +12 = 20 N.m 

  Mz = 80(0.5 = 40 N.m 

R = 304i + 80j  N 

  √                           
M = -16i + 20j + 40k   N-m 

  √                                            

RM

R . M =   Fx .   Mx +   Fy .   My +   Fz . Ʃ Mz   
R . M = 30 (-16) + 80 (20)  + 0 (40) = 1120 

RM

Equations of Equilibrium

R  FM    Mo

             F   = 0      (3) 

             Mo   = 0    (4) 

  Fx   = 0              Mx   = 0 

                            Fy   = 0              My   = 0                     (5) 

  Fz   = 0              Mz   = 0 
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 (Journal Bearing)  :

yzxz
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 (Hinge)  :

 (Ball-and-Socket)  :

 (Fixed support)  :

P = 400 NA

 B CD

a 

AD60˚AB=AC=3m  
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S1S1x

x S1yyS1zz 

b S1  xy

                      

                      

A

  

∑                              

∑                              

∑                      

                                        

ADABAC

300N 

P=100Na
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bT1T2T3

∑                           

∑                                        

∑                                     

              

                              
                                

                                                

ABCDW=8 kN

a Fx

12 kN
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ABCD

bα

ABG

        
 

 
                            

  Fx =  -S4 cos α + 12 = 0 

  Fy = S2 cos α + S5 cos α  = 0 

  Fz = - S1 – S2 sinα– S3– S4 sinα– S5 sinα  – S6 – 8 = 0 

  Mx =  - S3 (3) - S4 sinα (3) – S6 (3) - 8 (1.5)  = 0  

  My =  S1 (3) + S2 sinα (3) + S3 (3) + S4 sinα (3) +8(1.5) = 0  

  Mz =  S2 cos α (3) + S4 cos α (3)  – 12 (3) = 0  

  Fx =  -S4 (0.6)  + 12 = 0 

  Fy =  S2 (0.6) + S5 (0.6) = 0 

  Fz = - S1 – S2 (0.8)  – S3– S4 (0.8)  – S5 (0.8)  – S6 – 8 = 0 

  Mx = - S3 (3) - S4 (0.8) (3) – S6 (3) - 8 (1.5)  = 0  

  My =  S1 (3) + S2 (0.8) (3) + S3 (3) + S4 (0.8) (3) +8(1.5) = 0  

  Mz =  S2 (0.6) (3) + S4 (0.6) (3)  – 12 (3) = 0  

S6 S5 S4 S3 S2 S1 

- 4 kN 0 20 kN -16 kN 0 - 4 kN 
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300 Na

PDEAB  

 

W P ZB YB ZA YA 

0 0 0 YB 0 YA Y 

-300 - P ZB 0 ZA 0 Z

-300(0.2) P(0.3) 0 0 0 0 Mx 

300(0.6) P(1.5) 0 0 -ZA(1.2) 0 My 

0 0 0 0 0 YA(1.2) Mz

  Fy = 0        YA + YB = 0 

  Fz = 0        ZA + ZB – P - 300 = 0 

  Mx = 0         (0.3) - 300(0.2) = 0 

  My = 0       - ZA (1.2) + P (1.5)  + 300(0.6) = 0 

  Mz = 0        YA(1.2) = 0 

ZB YB ZA YA P 

100 N 0 400 N 0 200 N 
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aC D A B

PAB

 C  T1=300N T2=600 N

 

RB RA T2 T1 P Forces

XB XA 600 300 P X 

ZB ZA 0 0 0 Z

ZB (1.3) 0 0 0 0 Mx 

0 0 - 600(0.15) -300(0.15) P(0.2) My 

-XB (1.3) 0 - 600(0.4) -300(0.4) -P(1) Mz

              Fx = 0       P + 300 + 600 + XA + XB  = 0 

              Fz = 0       ZA + ZB = 0 

             Mx = 0      ZB (1.3) = 0 

             My = 0      P (0.2) - 300 (0.15) - 600 (0.15) = 0 
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             Mz = 0     - P (1) - 300 (0.4) - 600 (0.4) - XB(1.3) = 0 

ZB XB ZA XA P 

0  450 N 0  -1575 N 225 N 

AB

aW=240 N 

 , ,T  

AB .

 

T

KAE

        
   

   
                            

x

             Fy = 0        YA + YB   - 2Tcos θ = 0 

             Fz = 0        ZA + ZB – 2Tsin θ - 240 = 0 

             Mx = 0       2Tsin θ (0.3) - 240(0.15) = 0 

             My = 0       - ZA (0.4) - Tsin θ (0.4)  + 240(0.2) = 0 

             Mz = 0        YA(0.4) - Tcos θ (0.4) = 0     
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ZB YB ZA YA T 

60 N 45 N 60 N 45 N 75 N 

AB0.8mP=150 N

CDCEa

 A . 

 

XA,YA,ZA,T1,T2

T1S1

x S2yS3z 

b T1  xy

T2S4

x S5y

                                    

                       

                           

y

             Fx = 0        XA - S1 + S4 = 0 

             Fy = 0        YA - S2 - S5 = 0 

             Fz = 0        ZA + S3 - 150 = 0 
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             Mx = 0       S3 (0.6) - 150 (0.8) = 0 

             Mz = 0        S1 (0.6) - S4 (0.6) = 0     

                         

                         

                 

                       

                               

ZA YA XA T2 T1 

-50 N 490 N 0 346 N 400 N 
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UNSOLVED  PROBLEMS 

1

Couple

Mc=10 kN.m

R = 15i - 20j + 30k   ,  M = 80i - 70j - 120k           

2

P = 70 NABBCBD  

 BSAB

T1T2BCBD, T1 = 56 N , T2 = 42 

N      S = -99 N

3

W= 160 N  

   

                             , T2 = 140N , T3 = 280 N     T1= 40N
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4  

ABCDW=10 kN 

  

Fy8 kN

S6 S5 S4 S3 S2 S1 

(kN)-15 0 10 4 0 -5 

5

500 NA

BPCD

 
ZB XB ZA XA P 

(N)-125  -1000  375  500  250 
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6

CDM=60 N.m 

A B

PCE

 

ZB XB ZA XA P 

(N)150  0 450  0 400  

7  

C D A B

CT1T2DP

P

 

ZB XB ZA XA P 

(N)- 420  - 36  - 180  - 84  120  

8

C D A B
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 ZB XB ZA XA P 

(N)- 150  - 37.5  - 50  - 62.5  100  

9  

AB

W=300 N  ,

 ,T  

AB 

 ZB XB ZA XA P 

(N)75  43.3  75  43.3  86.6  

10  

A BC

W=300 NP

EKAB 

 
ZB XB ZA XA M 

(N)160  0 240  0 60 N.m 
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11  

T

 
ZB YB ZA YA T 

(N)120  60  60  180  240  

12  

T

 
ZB YB ZA YA T 

(N)-600  -137.5  -200  -412.5  350  
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CENTERS OF GRAVITY  

(Coordinates of Centre of Gravity)

 

W(Weight of the Body)

G

 

ABC

A

B

C

1(Coordinates of Centre of Gravity) 

2 (Centroids of Geometrical Shapes) 

3(Centroids of Areas and Lines) 
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(Frames)

G

PiW=∑Pi   W

Pi

 

∑                            ∑    

 

   

   

∑                             ∑    
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∑    

∑   
           

∑     

∑  
                                   

 (g=constant)Pi=mig 

             
∑    

∑  
           

∑    

∑  
                             

mi∑mi

(center of mass)

 (g=constant)

(ρ=constant)

                   

                   

                  

ρVAL

        
∑    

∑  
           

∑    

∑  
                                       

        
∑    

∑  
           

∑     

∑   
                                        

x y

Centroid  . 

 (Centroids of Geometrical Shapes)
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α 
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 (Centroids of Areas and Lines)

G(Areas)(Lines) 

Ai

xiyi
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G(x , y) 

  
∑     

∑  
  

                   

          
               

  
∑    

∑  
  

                   

          
               

(Frames)

Lixiyi

(Li)

  
∑    

∑  
  

                   

          
                        

  
∑     

∑  
  

                   

          
                   

G(x , y)
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∑     

∑   
               

∑    

∑   
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C(x , y)(Frame)

Frame

  
∑    

∑  
               

∑    

∑  
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UNSOLVED  PROBLEMS 

 

1  

G(x,y)  

x = 0 , y = 15.26 cm  

2  

G(x,y)  

x = 54.8 cm ,  y = 36.62 cm  

 
 

3

G(x,y) 

 

x =  y = 53.6  cm 

4

G(x,y)  

x = 16.4 cm ,  y = 70.3 cm  
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5

G(x,y)  

x = -14 cm , y = 48.6 cm  

 

 

6

G(x,y)  

x = -14.13 cm , y =0  

 

 
 

 




 

 




